Abstract . A general asy m ptotic solution is prese nted fo r invest igating t he transient response of non-linear systems modeled by hyperbolic-type part ia l different ia l equat ions wit h sm a ll nonlineari t ies. T he method covers all t he cases when eige n-values of t he correspo nding unper t urbed systems are real, complex conjugate , or purely imaginary. It is shown t hat by suitable substit utio n for t he eigen-values in t he general resul t t hat t he solut ion correspo nd ing to each of t he t hree cases can be obtained. T he met hod is an extension of t he unified Kry lov-Bogoliu bov-M itropolskii met hod , whi ch was init iall y developed for un-da rn ped , under-clam ped a nd over-clamped cases of t he second order ordinary different ia l equat ion . T he m et hods a lso cover a specia l condit ion of t he over-damped case in which t he general solut ion is useless.
INTRODUCTION
Krylov-Bogoliubov-Mitropolskii (KB ivI) [1, 2] method is one of t he widely used t echniques to obtain analytical solutions of weakly nonlinear ordinary differential equations. The method was originally developed t o find periodic solutions of second-order nonlinear ordinary d ifferent ial equations . P opov [3] extended t he method to damped nonlinear syst ems. Murty, D eekshatulu and K risna [4] investigat ed nonlinear over-damped systems by t his method . Ivlurty [5] used t heir earli er sol ution [4] as a general solu t ion for un-damped , damped and over-damped cases, which is the basis of the unified theory. Since Murty's t echnique is a generali zati on of t he KB M method , many authors extended t his t echnique in various oscillatory a nd non-oscillatory syst ems. Bojadziev and Edwards [6] investigat ed nonlinear damped oscillatory and non-oscillatory systems wit h varying coeffi cients following Murty's [5] unified method . Recent ly Shamsul [7, 8] has presented a unifi ed fo rmula to obtain a general solution of an n -t h order ordinary different ial equati on with const ant and slowly varying coeffi cients. The KB M method was extended to partial differential equation wi t h small nonlineari ties by Mitro polskii and l\ilosenkov [9] . Bojad ziev and Lardner [10] extended t he KB l\11 method to hyperbolic-type partial different ial equation a p(x)vtt = -;:;--(x(x)ux) + c: f (x, u, Ux, Ut), (1) ux where t he subscri pt denotes differentiations, E is a small paramet er and fi s a given nonlinear function.
Bojadziev and Lardner [10] mainly investigated the mono-frequent solution of (1). Bojadziev and La rdner [11] also found mono-frequent type solut ions of the partial differential equation with a linear damping effect , -2p(x)kut , of the form a .
. '11 ., Ux, Ut) ·
In another recent paper , Shamsul, Akber and Zahurul [12] present a general formula to investigate a class of nonlinear partial differential equations. In this paper a general asymptotic solution of (2) is obtained which covers the over-da mped , damped a nd un-d amped cases . Thus, the unified KBM method [5] is independent of whether the unperturb ed system has real, complex conjugate, or purely imaginary eigen-values whether described by an ordinary or partial differential equation. Moreover a special over-damped solution is obtain which is essential when the general solution fail s t o give desired results (See [13] for details).
THE METHOD
Let us consider that u(x , t , c) satisfies a pair of homogeneous boundary conditions involving u and its derivatives at x = 0 and x = l :
where /3jr , j = 1, 2 and r = 1, 2, 3, 4 are eight constants.
The investigation of mono-frequent damped oscillations of equation (2) is of interest in certain problems occurring in mechanics. For instance, such an equation describes the vibration of certain nonlinear elastic system in the presence of strong viscous damping. We shall examine in detail the longitudinal vibrations of a rod . The m aterial of rod is taken to be predominately H oaken but with, in addition , small nonlinear elastic characteristic.
First of all , we consider the unperturbed system (2) a p(x)(u~?) + 2ku~0 l ) = ox (x(x)u~0 l ), (4) with boundary conditions (3) .
It is well known that with prescribed boundary conditions (3) satisfying certain selfadjoin ness, (4) has a complete set of separable solutions which can be written in the form cPn(:r;) e-ktan,O sinh(wn t + ·;n,o) , n = 1, 2, · · · (5) where an,o and 'l/Jn,o are arbitrary constants . The set of funct ions {¢ n(x)}, n = 1, 2, · · · satisfy the ordinary differential equation
In order to solve oscillating processes, Bojadziev and Lardner [11] assumed damping is less than critical, i .e., w;_ > 0. Here we remove this restriction and consider more general W 8 such that w; ' > 0 or/and w; < 0. It is to be noted that eigen-values are determined from boundary condi t ions (3) . Let us consider { <Pn(x)} are normalized , so that
Now we shall find a mono-frequent solution of (2) for which E = 0 corresponds to frequency W1. Following the KBM m ethod , we look for a solution of the form
where a and 'ljJ satisfy the equations
Substituting (8) into (2) , making use of (9) a nd comparing the coefficients of c: , we
Let us expand n1 as a Fourier series in x using the basis { ¢n (:r) } 00
Substituting (11) into (10) , multiplying both sides by <Ps(x) and integrating with respect to x within limits from 0 to l , a nd making use of (6) a nd (7) gives
' where (see [4, 5] for details) . It is assumed t hat F 5 is expanded as a series of hyperbolic fun ctions
It is noted that series (14) becomes a Fourier series when the motion is un-damped or under-damped , i.e ., w1 as well as 'l/J, G 8 ,1 , Gs ,2 q.re purely imaginary.
Substituting the values of F 5 from (14 ) into (12) a nd assuming that V1 excludes terms involving sinh 1/ ; and cosh 1/J, we obtain 0 2 dB1 2w1A1 -ka da = F1 ,1,
[ ( -ka :
and
The particular solutions of (15) - (18) give unknown functions A1 , B1 and Vs , s = 1, 2, ·· ·,which complete the determination of the first order solution of (2) . The method can be extended to higher order approximations in a similar way.
EXAMPLE
As an example of the above procedure we may consider the longitudinal vibration of a nonlinear elastic rod described by equation
where u is longitudina l displacement, a axial tension, p mass per unit lengt h . The term 2K,Ut represents viscous clamping. The stress-strain relation is assumed as
where K is Young 's modulus, e = Ux axial strain and the second term containing E represents nonlinear elast ic behavior. Eliminating <J from (19) and (20) and substi tut ing K. = 2pk , we obtain a partial differential equa tion in the form
Let us consider the boundary conditions
Applying boundary conditions (22) , we obtain the eigen-functions a nd eigen-values of the unperturbed 21 ) as: .
Substituting the values of Gs,l and Gs,3 into (15)-(18) and solving them, we obtain
and -E 5 a 3 ( 4kw cosh 'ljJ + ( 4k 2 + w; -wr) sinh 'ljJ) 
Substitut ing the values of A1 a nd B1 from (27) into (9) , we integrate them with respect to t , and obtain a = ----;:== =====
Thus the fi rst order solution of (19) is 
It is obvious that when k > 0, the solution is similar to Bojadziev and Lardner [11] , and identical to that obtained in [9] when k = 0. 
A SPECIAL DAMPING CONDITION

b=c-B 1 (a , b, t )+ O(c: ).
(36)
Substituting (36) into (2), utilizing (37) and comparing the coefficients ofc, we obtain
uo , uo ,x, uo ,t) and uo = </>1(x)(ae ->.t + be-'' 1 ).
Let us expand u 1 as a Fourier series in x using the basis { </>n ( x) } as
Substituting (39) into (38) , multiplying both sides by </ > 8 (x) and integrating with respect to x within li mits 0 to l , and making use of ( 6) and (7) 
In order to det ermine over-damped solutions of (1) Solving (44) - (46), we obtain
Substituting the values of Ai and B1 from (48) a nd (49) into (3 7) , and integrating them with respect to t, we obtain a= ao -
Thus th e first order special over-damped solution of (19) is
where a, b a nd v 1 are given by (50), (51) and (49) resp ectively.
RESULTS AND DISCUSSION
( 50)
A unified solution is found for a nonlinear partia l differentia l equation based on the works of Murty et. al. [4 , 5] . In order to t est the accuracy of this unifie d solution, we compare the solution to t he numerical solut ion (consider to be exact) . . With regard to such a comparison concerning the presented unified met hod of this paper , we refer to a recent work by Sha m sul [7] a nd as well as a previous work by Murty, D eekshat ulu a nd Krisna [4] . Moreover, we compa re the perturbation solution to the unpert urb ed solution to denote the response of t he nonlinear term. The solution (3 1) is well established and useful as an over-damped solution of (19). We are interested in 'comparing it with numerical solution (generated by finit e difference method). Let us consider an over-damped case of (19) , in whi ch p = 1, k = 1.25 , l = 2, u(x , t , E) has been evaluated and the corresponding numerical solution of (19) has been computed. The results for x = 2 (i .e. for the lower end of the rod ) and x = 1 (i .e. for the middle point of the rod) are presented res pectively in Fig. l(a) and Fig. l (b) . From the figures it is clear that solution Eq . (3 1) compares well the numerical solution.
The solution (32) is also well established and useful as an un-damped and under damped solution of (19) . Let us consider the un-damped case of (19) , in which, p = 1, k = 0.0, l = 2, K = l. The solution of (24) Fig. 4( a) and Fig. 4(b) . From the fi gures, it is clear that solution Eq. (52) compares well with the numerical solution.
CONCLUSION
A general formula is presented for obtaining the transient response of nonlinear systems governed by a hyp erbolic-type partial differential equation with small nonlinearities . According to.the unified theory [4, 5] there exists a general solution , used in three cases, i.e. o,ver~damp ed , under-damped and un-damped. In previous p apers [5, 7] only ordinary differential equations are considered . In the present paper, we observe a similar result for partial d ifferential equations.
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